
Calculation of the Temperature Field in 
Injection Molding 

The numerical simulation of nonisothermal effects during the filling 
stage of injection molding is investigated here. Generalized Newtonian 
fluid flows are simulated within thin cavities of arbitrary shape. The 
numerical scheme is based on a hybrid spatial discretization: classical 
low-order Lagrangian interpolants are used in the midsurface direc- 
tions, while full polynomials constitute the approximation in the gapwise 
direction. Discrete equations are obtained by use of the Galerkin finite 
element method combined with a collocation procedure. Special atten- 
tion is devoted to the influence of the fountain flow (occurring at the 
front) on the temperature field. A correct writing of the front thermal 
boundary condition is derived in agreement with the Hele-Shaw simpli- 
fied form of the equations. Some illustrative results are presented. 
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Introduction 
Thermal exchanges play an important role in injection mold- 

ing, in view of their influence on polymer freezing and shrinkage 
during the cooling stage of the process. As the thermal behavior 
of the polymer during cooling is conditioned by the temperature 
field which prevails after completion of the filling and packing 
stages, it is essential to accurately calculate the thermal evolu- 
tion during the filling of the cavity. 

Among previous investigations on the same topic, the works of 
Williams and Lord (1975) and Lord and Williams (1975) are of 
outstanding importance. Using a method of finite differences, 
they obtain nonisothermal solutions for the filling of one-dimen- 
sional cavities. They also simulate the flow in the sprue, runner 
and gate system of the mold. In addition, the contributions of 
Hieber and Shen (1980), Shen (1986), and Hieber (1987) must 
be cited. The latter authors introduce a finite element discretiza- 
tion of the covered part of the midsurface of the mold to facili- 
tate the treatment of cavities of general planar geometry. More- 
over, they use finite differences for the temperature discretiza- 
tion in the gapwise direction. 

The difficulty of the problem is that one is facing a three- 
dimensional, transient and variable domain system of partial 
differential equations. On the one hand, this is a consequence of 
the complex motion of the melt front during filling, Figure 1, 
and on the other, of the inherent nature of the energy equation 
(which is a balance among heat diffusion, heat advection, and 
viscous heating in the polymer). An additional feature is that a 
decoupling of momentum and energy equations is not allowed in 
the model. As a matter of fact, thermal exchanges have an 
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influence on the velocity profile in the gap and may considerably 
affect the geometry of the pathlines and the filling history, since 
the polymer viscosity is temperature-dependent and partial so- 
lidification generally occurs near the cold wails of the cavity. 

Consequently, it seems to be a very expensive task to obtain 
numerical solutions, particularly when keeping in mind the geo- 
metrical complexity of common industrial molds. However, fol- 
lowing Schlichting (1968) and all the previously mentioned 
authors, important simplifications may be performed on the 
model by introducing the Hele-Shaw approximation, which is 
closely related to lubrication theory and applies in the case of 
thin molds. The resulting system of equations is two-dimen- 
sional for the pressure field, and remains three-dimensional for 
the temperature field. 

Difficulty then appears in correctly writing the associated 
front thermal boundary conditions. The problem may be sum- 
marized as follows: the velocity field obtained by applying the 
Hele-Shaw method is approximately parallel to the midsurface, 
whereas, in the front region of the flow, the fountain effect 
induces an important heat advection in the gap direction. A suit- 
able handling of the latter effect is, therefore, required in the 
model to protect the system from undue heat losses a t  the front. 

To this end, a complex modeling of fountain flow was devel- 
oped in Castro and Macosko (1982). The solution of Lord and 
Williams (1975), Hieber and Shen (1980), and Shen (1986) 
consists in simplifying the model by imposing a uniform temper- 
ature on the front, the latter being either the bulk temperature 
as measured immediately upstream of the melt front or some 
core temperature. We consider that this method is not com- 
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hot 

Figure 1. Schematic view of the problem. 

pletely satisfactory from a mathematical view point, since it 
leads to an ill-posed problem (in the sense of theory of partial 
differential equations). We propose a new solution, which is 
mathematically correct and yields a well-posed simplified ther- 
mal problem. 

The numerical scheme presented here combines finite ele- 
ment interpolation in the midsurface directions, as in Hieber 
and Shen (1980), and full polynomial approximation in the gap- 
wise direction, which accurately represents the temperature gra- 
dient near the walls with a reduced number of unknowns. At any 
time step, the mesh covering the filled part of the midsurface is 
generated by means of a separately developed algorithm (Cou- 
niot and Crochet, 1986). Time integration of the temperature 
field is performed using a specially devoted mixed explicit- 
implicit scheme to ensure stability and precision. A peculiar 
treatment of the front thermal boundary condition arising from 
fountain flow is also necessary. 

Some results are displayed in the last section of the paper and 
show up the major influence of fountain flow on the resulting 
temperature field. The final average isotherms are in agreement 
with the result expected from physical reasoning. A first 
attempt is also made to simulate partial solidification of the 
fluid during filling. 

Approximate solidified-layer profiles were calculated by Ja- 
neschitz-Kriegl(l977, 1979), Dietz and White (1978), and Van 
Wijngaarden et al. (1982). A theoretical analysis of freezing 
during filling was presented by Richardson (1983). Entry and 
trailing thermal boundary layers in the melt were analyzed by 
Tayler and Nicholas (1982). Experimental results of Coyle et al. 
(1987) illustrate the behavior of the fountain flow. 

Governing Equations 
Field equations 

We consider the creeping flow of a generalized Newtonian 
fluid, with a viscosity dependence on the absolute temperature T 
and the shear rate +. We assume that elastic effects are negligi- 
ble. The viscosity is given by a power law of the form: 

where n is the power index and m ( T )  is a material function. For 
many materials, a fairly good approximation for m ( T )  is the 
exponential law: 

m ( T )  = m, e-aT, (2) 

as long as the temperature is far from the melting temperature 
T,. We will also assume here that the polymer thermal conduc- 
tivity k ,  specific heat c, and specific mass p do not depend on 
temperature. 

We must solve the mass, momentum and energy conservation 
laws. The mathematical system is closed by suitable front, inlet 
and wall boundary conditions, which are supposed to be sym- 
metric with respect to the midsurface. The problem is simplified 
by taking into account the small thickness of the gap compared 
to the characteristic dimensions and radii of curvature of the 
mold. In the case of a variable mold thickness 2h, we also 
assume that the derivatives of 2h in the midsurface directions 
are small compared to one. 

The simplified form of the equations must be achieved by 
means of dimensional analysis, following the method of Hele- 
Shaw (Schlichting, 1968). The latter was applied to the injec- 
tion molding problem in the case of a flat midsurface by Lord 
and Williams (1975) and Hieber and Shen (1980). We here 
extend it to the case of nonplanar midsurfaces. 

Let us now examine the equations in detail. At  any point P *  
of the midsurface S,, an orthonormal frame (&v, {) is defined 
such that P*{is normal to S,; this implies that P*[ and P*v are 
tangent to the latter surface, Figure 2. At any point P o f  P*{, the 
velocity v is split into two components, one (v,) being parallel to 
the midsurface, while the other (uf g,) is oriented along P*{: 

[ v  = v, + urg,, 

[Urn = U t  8, + uq gq. 

We assume no-slip condition along the walls and thus: 

(3)  

urn({= k h )  = 0, 
u,({= + h )  = 0. (4) I 

Letting the symbol V, stand for the midsurface constrained gra- 
dient operator, the simplified forms of the mass and momentum 
equations are: 

- p- = V g ,  aar( "ay;) 
aP - a!: = 0. 

/ E ,- 
N-3 

Figure 2. Semispherical geometry. 

(5) 

(7) 
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The shear rate + and the viscosity fi  are aproximated by: 

(9) 

Equation 7 tells us that pressure variation in the thickness of the 
mold is negligible (which in fact is the lubrication approxima- 
tion). 

It is easy to integrate Eq. 6 with respect to {by means of wall 
conditions (Eq. 4) and the viscosity law (Eq. 1). Assuming sym- 
metry with respect to the midsurface, this yields: 

Let E stand for the average velocity, parallel to the midsurface 
S,: 

hE = lh v, d<. 

Introducing Eq. 10 in Eq. 11 yields: 

where the symbol S is defined by 

By averaging the continuity equation (Eq. 5) over the thickness 
of the mold, one obtains 

For a given temperature distribution, the expression m ( T )  is 
known explicitly, and Eq. 14 is a second-order partial differen- 
tial equation on the pressure field. 

Associated boundary conditions are  of two kinds: the pressure 
p or the normal component ( E  . n )  of the average velocity are 
prescribed on any inlet gate, while the pressure is imposed on the 
flow front. 

The energy equation takes the following simplified form: 

The first and second terms of the righthand side of Eq. 15 are 
respectively associated with heat diffusion (which prevails in the 
gapwise direction) and viscous heating. The lefthand side of Eq. 
15 is the material derivative of the temperature, which may be 
decomposed as follows: 

_ = -  DT aT -k v . V T  
Dt at 

aT aT 
= -  + V ,  - V,T + V y - .  

at a< 
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For a given pressure field, the average velocities 5 may be calcu- 
lated from Eqs. 12 and 13. The v, component of the velocity 
field may thereafter be obtained from Eq. 10. The vf component 
should also be obtained by integrating Eq. 5 with the wall condi- 
tion (Eq. 4). However, when the mold thickness is constant, the 
thermal convection term in the gapwise direction (v$T/a{) is 
a t  the present time neglected in our computations. When the 
mold thickness is variable, the velocity component vf is approxi- 
mated by the expression 

which means that we consider only a locally convergent, diver- 
gent or parallel approximate velocity field, Figure 3. Equation 
17 is the exact solution of Eqs. 5 and 4 with Eqs. 3,10, 13 and 14 
in the Newtonian isothermal case. For a given velocity field, Eq. 
15 is a second order (for 5 derivatives) and first order (for all 
other derivatives) evolution equation on the temperature field. 
Boundary conditions consist in imposing the initial temperatures 
and the inlet temperature profile. Boundary conditions on the 
front and the walls play a major role in the model and will be 
investigated separately in the next subsection. 

Let us briefly turn back our attention to the asymptotical 
forms (Eqs. 5 , 6 , 7  and 15) of the field equations. The latter can 
be obtained from the full mass, momentum and energy equa- 
tions by letting tend towards zero the dimensionless number t 
defined by: 

6 
L ’  

e = -  

where 6 is the order of magnitude of the mold thickness and L is 
any characteristic dimension or radius of curvature of the mid- 
surface. The complete demonstration uses tensor analysis meth- 
ods and notations and is developed in Dupret and Vander- 
schuren (1988). 

Front and wall boundary conditions: fountain flow 
modeling 

At any time of the filling, we need to distinguish between two 
regions in the filled area: upstream of the front, the flow is essen- 
tially parallel to the walls and Hele-Shaw’s approximation 
applies, whereas velocities are strongly deflected towards the 
walls in the vicinity of the front. Concerning an accurate simula- 
tion of the so-called fountain effect, the interested reader will 
find more detail and references in, for example, Behrens et al. 
(1987). Moreover, a comparison between experimental and nu- 
merical results can be found in Coyle et al. (1987). However, 
our aim here is different, because our purpose is only to investi- 
gate the influence of the fountain effect on the main flow in the 
form of suitable boundary conditions. 

Figure 3. Approximation of the vt component in the tem- 
perature equation. 
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Let us first analyze in Figure 4 the relative motion of the fluid 
with respect to the front. The flow is steady and the average 
fluid velocity vanishes, while the walls move in the negative t 
direction. This well-known result shows that the region of paral- 
lel flow (located at  the lefthand side of the segment A B )  is 
divided in a central subregion and a wall subregion, where the 
relative fluid velocity is respectively oriented in the positive or 
the negative [ direction. The front region is, therefore, fed 
(through the segment AC)  with fluid that flows out of the cen- 
tral subregion of the upstream flow, whereas the wall subregion 
is fed with fluid that flows out of the front region (through the 
segment CB).  

Turning back our attention to the absolute motion of the fluid 
(with respect to fixed walls), we conclude that the front region is 
continuously fed with fluid issued from central Layers. Material 
points leaving this subregion are entering the front region at  a 
velocity which is higher than the front velocity. After a rolling 
motion in the front, the latter points leave this region a t  a veloc- 
ity which is loweq than the front velocity and enter again the 
region of parallel flow; more precisely, they enter the wall subre- 
gion of the latter. 

A proper fountain flow model must be built in agreement with 
the Hele-Shaw simplified form of the equations. To this end, two 
basic assumptions are made. On the one hand, the front region is 
supposed to be of the same order of magnitude as the thickness 
of the gap. As only asymptotical equations are used, this implies 
that the front region is infinitely thin and made of straight seg- 
ments perpendicular to the midsurface. Equivalently, a t  any 
fixed time, the front is a set of straight segments of the form: 

On the other hand, we suppose that velocities in the front 
region are of the same order of magnitude as the average veloc- 
ity over the gap. The residence time of material points in the 
front region is, therefore, small compared with the characteris- 
tic time scale of the filling [their ratio is indeed (from Eq. 18) of 
the order O(e)].  We are, therefore, allowed to neglect asymptoti- 
cally heat diffusion and viscous heating in the front region. 

As a main consequence of the latter assumptions, a n  addi- 
tional thermal boundary condition must be imposed on the front 
when using the asymptotical forms of the equations. Consider 
any material point entering the front at the level and leaving 
the front a t  the level {(2), Figure 5. From mass conservation, cou- 

wall 

b mid - surface / 
A front region 

Figure 4. Fountain effect: computed streamlines in the 
relative motion of the fluid with respect to the 
front (isothermal Stokes flow). 
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Figure 5. Fountain flow modeling. 

ples of levels and {(z) are related by the condition: 

Jr") (v - 5 )  - n d{ = (V - v )  n d{ ,  (20) 

where n is the outgoing front normal. Neglecting heat diffusion 
and viscous heating in the front layer, we, therefore, impose the 
condition: 

((21 

which ensures the well-posedness of the asymptotical thermal 
problem. [For the definition of the latter concept, see, for exam- 
ple, Hadamard (1964).] As a matter of fact, the temperature of 
material points entering the front layer cannot be imposed, 
while it must be imposed for material points leaving it, since, 
from Eq. 15, heat diffusion in the midsurface direction is 
neglected in the region of parallel flow. 

Due to the dependence of viscosity vs. temperature (Eq. 9), 
the velocity profile is unknown a prior; in nonisothermal prob- 
lems, which is why relation 20 is difficult to handle numerically. 
However, we shall neglect the latter effect, assuming that tem- 
perature variations in the gap are small on the front. Recall 
indeed the front feeding with central and rapidly moving fluid 
layers, whence front and gate temperatures are generally close 
together. Using Eqs. 10 and 13 with a nontemperature-depen- 
dent viscosity law, Eq. 20 simplifies after some calculations in 
the algebraic condition: 

{ (*)( 1 - -  (y/n+l) ={(I) ( 1 - (yn+') - 7 (22) 

which is used in all practical computations. 
The idea of approximating the fountain flow by flipping over 

the material points (Eqs. 20 and 22, and Figure 5) has also been 
developed by Manas-Zloczower et al. (1987) for the calculation 
of space-time distributions of particles in reaction injection 
molding. However, the present work has been done indepen- 
dently (Vanderschuren and Dupret, 1987) with special attention 
to a proper modeling of thermal exchanges in the vicinity of the 
front (Eq. 21). A complete demonstration of the asymptotical 
behavior of the system (Eqs. 19 to 21) has been developed by 
Dupret and Vanderschuren (1988). 

Suitable transient boundary conditions must be imposed on 
the walls. As a matter of fact, the front central layer = 0) is 
carried exactly on the wall ({(*) = h)  by the fountain flow. The 
front thermal condition (Eq. 2 1) will, therefore, induce on the 
front-wall junction either a temperature discontinuity (when 
imposing the wall temperature) or a temperature gradient dis- 
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continuity (when imposing the wall outgoing heat flux). In order 
to get rid of any singularity in the temperature field, transient 
thermal exchanges occurring in the wall are taken into account 
in the model. 

We suppose that, from some distance e inside the wall, Figure 
6, temperatures are almost constant (and equal to T J ,  and we 
approximate the wall temperature field up to this distance by a 
cubic polynomial: 

T(C) = a + b[ + e l 2  + df3, h 5 ( 5  h + e, (23) 

where coefficients a, b, c and d depend on the [, 71 and t indepen- 
dent variables. Assuming that the distance e is of the same order 
of magnitude as the thickness of the gap (2h), we neglect 5 and 71 
derivatives in the energy equation inside the wall. Hence, the 
latter takes the form 

where ps, c, and k,  are the wall specific mass, specific heat, and 
thermal conductivity, respectively. Coefficients a, b, c and da re  
then expressed in terms of the temperatures and heat fluxes at 
( = h and ( = h + e, i.e.: 

a r  aT 
a6 

19.- - k , a y ( h + ) =  - k - ( h - )  

Collocation of Eq. 24 at < = h and ( = h + e provides, two rela- 
tions between T,, T,, aT,/at, aTJat, qw and 9,. The required 
boundary condition is then obtained by elimination of q, 
between the Latter equations: 

+ 2 2) - k. (T ,  - T,) - 9, = 0. (26) 
e 

Numerical Method 
Spatial discretization 

The numerical scheme is based on a hybrid spatial discretiza- 
tion. Classical low-order Lagrangian interpolants are used in the 

midsurface directions, while full polynomials are used in the 
gapwise direction. Discrete equations are obtained by com- 
bining the Galerkin finite element method with a Chebyshev 
collocation procedure. The latter choice is justified by the expo- 
nential rate of convergence of this method (Gottlieb and Orszag, 
1977). 

The filled part S: of the midsurface is covered by a finite ele- 
ment mesh. Elements may be either six-node triangles or nine- 
node quadrilaterals. Therefore, nonplanar elements are possible. 
Let $ and be the local coordinates on the parent element, and 
(x, y, z )  be a common global orthonormal system of Cartesian 
coordinates. For each element, the local to global transforma- 
tion has the form: 

At the present time, the front motion and remeshing algorithm 
is limited to planar molds, with rectilinear-sided elements (Cou- 
niot and Crochet, 1986). Extensions are under investigation. 
However, pressure and temperature integration may now be 
performed on any surface, following the method presented 
below. 

The pressure field is approximated using six-node quadratic 
or nine-node biquadratic shape functions + i ( C ,  6)  defined on the 
parent element: 

where the pi's are the pressure nodal values. 

Galerkin method, which yields 
The mass equation (Eq. 14) is discretized by means of the 

where the symbol S has been defined in Eq. 13 and n denotes the 
midsurface constrained outer normal on as:. Essential and nat- 
ural boundary conditions on the pressure and velocity fields 
must be properly introduced in Eq. 29 at this stage, either by 
annulling the test functions +i at any node of imposed pressure 
or by substituting in Eq. 29 the prescribed value of (h5 . a )  for 
( -Sap/an) .  

In the case of a nonplanar midsurface, one needs to calculate 
V,p and V,,& on each element of Sz. Let the three Cartesian 
components of V,p in the (x, y, z )  reference system be dp lax ,  
splay and dpldz. It is easy to prove that: 

where 
cavity 

,JLT,- T w  - - - 
Figure 6. Schematic temperature profile in the cavity and 

the wall. 

A =  (31) 
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From Eqs. 27,30 and 3 1, it follows that the three components of 
V,,,p are known in terms of the pressure derivatives with respect 
to the local coordinates i and i j .  

For a given temperature field, Eq. 29 provides an algebraic 
system in the pressure nodal values. This system is linear if the 
fluid is Newtonian. Otherwise, Newton’s method may be used to 
obtain the solution. 

Mixed approximation is used for the temperature fiel!: three- 
node linear or four-node bilinear shape functions 4 i ( ( ,  i j )  are 
employed in the midsurface directions, combined with even 
polynomials of some fixed degree 2m in the gapwise direction. 
Let 

{ = -  - r  
h ’  

denote a normalized coordinate which vanishes on the midsur- 
face and equals * 1 on the walls. The temperature approxima- 
tion is written as: 

I 

For each node i of the midsurface, Ti(?, t) represents the poly- 
nomial temperature profile in the gap a t  time f. Let 
fu( 1 5 a 5 m) be a set of m collocation points and Q,(f) be the 
m associated Lagrange interpolation polynomials, which vanish 
a t  f - 2 I .  Observe that 

where 6, is the Kronecker symbol. Expression Ti(?, t) is devel- 
oped as 

where Ti,(t) and T J t )  are the unknown values of the tempera- 
ture a t  node i and time 1, on the wall or a t  collocation point a, 
respectively. 

Spatial discretization of the temperature equation (Eq. 15) is 
performed in two steps. In the first step, the Galerkin method is 
applied in the midsurface directions and provides equations over 
the set of Ti(f, t) functions. In the second step, collocation is 
applied on the resulting equation at  the m points fa. The selected 
collocation points are the zeroes of the 2m-degree Chebyshev 
polynomial 

which gives 

r, = cos (2a - 1) - . I 4 (37)  

The latter choice is justified by the excellent convergence prop- 
erties of the Chebyshev polynomials. Moreover, collocation 
points are in this manner piled up in the vicinity of the walls, 
where velocity and temperature gradients are important. The 
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resulting semidiscrete system of equations is 

where ZJ . V T  is computed using approximation (Eq. 17). 

tion (Eq. 26), which for constant T, is written as: 
The latter system is completed by the wall boundary condi- 

The full system is, therefore, of the matrix form 

where [TI and [ p ]  are the vectors of all unknowns Tim, Ti,, and 
p i .  We may observe that, for suitable permutations of rows and 
columns, the matrix K (associated with thermal diffusion) is 
block-diagonal, each block having order (m + l),  and that the 
mass matrix M is positive definite and block-diagonal, with 
(m + 1) blocks equal to L, did, du. All the terms arising from 
heat transport and viscous heating are included in the vector 
q ( [ T ] ,  [ p ] ) .  The velocity field must be calculated by the pres- 
sure Eq. 29 which is of the matrix form 

with a stiffness matrix G depending on the pressure and temper- 
ature fields via the symbol S. 

Time integration 
After calculation of the pressure field on the proper tempo- 

rary mesh, Eq. 40 is integrated over one time interval using the 
same mesh. In order to ensure stability and precision, this inte- 
gration is performed by means of a third order mixed explicit- 
implicit scheme. It is worth noting that only single-step methods 
are available, since a new mesh is provided a t  each time step by 
the remeshing algorithm. [For any question related to numerical 
time integration, see, for example, Jain (1979).] After time inte- 
gration, the temperature field is extrapolated on the new mesh 
according to the front thermal condition (Eq. 21), following the 
method developed in the next subsection. 

In order to achieve stability, the proposed integration scheme 
is implicit for the treatment of diffusive terms (Hieber and 
Shen, 1980). Related eigenvalues of the associated linearized 
problem are indeed real, negative and of the order of magnitude 
0 (k/pch2), whence a fully explicit scheme would lead to strong 
instabilities in the case of a small gap thickness 2h. Considering 
Eq. 40, we observe that linear systems involving the matrix K 
(associated with heat diffusion) are easily solved, due to the 
block structure of the latter matrix. An implicit treatment of the 
corresponding terms is, therefore, possible. 

The remaining terms in Eq. 40 arise from heat advection and 
viscous heating. An explicit treatment is required for preserving 
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computing time. We have selected the fourth-order Runge- 
Kutta method to achieve stability and precision. As a matter of 
fact, this method is conditionally stable on the imaginary axis 
(Lapidus and Seinfeld, 1971). Moreover, pure advection prob- 
lems have antisymmetric matrices with purely imaginary eigen- 
values when the Galerkin method is not combined with any 
upwinding technique. Note that the third-order Runge-Kutta 
method is also a possible choice. 

A mixed explicit-implicit scheme is obtained in the following 
way. We first put the system (Eq. 40) in the more concise form 

-.2 

where 

b =  b3=.44 

We observe that calculation off(?) is cheap, since only one LL' 
Cholesky factorization of one of the blocks $. q5dj du of the 
matrix M is required. The proposed scheme IS of the general 
form: 

s* 

(44) 

whereJ,andJ,+, are thevaluesofJat timest,andt,+,,andAt is 
the time interval (tn+l - tn). Coefficients O,, are calculated in 
such a way that the method has an improved stability and is of 
the third order. 

The stability analysis is performed separately for the terms 
arising fromf( J )  and KJ in Eq. 44. If the matrix K vanishes, the 
scheme reduces to the classical fourth order Runge-Kutta meth- 
od, whence, for any linearf(J) of the form: 

f ( P )  = BJ? (45) 

the scheme is stable if the eigenvalues Xi  of B satisfy the inequal- 
ities 

0 > X i  > -2.785, 

1 XiAt I < 2.828, 

if X i  is real, 

if X i  is imaginary. 
(46) I 

The general case of complex eigenvalues was analyzed by Lapi- 
dus and Seinfeld (1971). 

Iff( J )  vanishes, linear stability is observed if, for any eigen- 
value X i  of the matrix K, the so-called amplification factor 

E(-XiAt) has a modulus inferior to one. The latter is obtained 
by reducing KJ to XJ in the scheme, with the definition 

(47) 
P.+ I 

J. 
E (  -XAt) = - . 

Here, E(-XAt)  is obviously a rational function of i = -XAt. 
We have restricted our analysis to amplification factors of the 
form: 

(48) 
a' U" U"' 

E(Z) = - + 
1 + bi (1  + bi)' + (1 + 65)' ' 

which might be associated with strongly A-stable schemes. 
The method is of the third order only if 

E(Z)  = e-* + 0 ( Z 3 ) ,  (49) 

whence, after some calculations, 

and 

3 1  
2 6  

b3 - 3b2 + - b - - - 0. 
The roots of the latter equation are given by: 

b, = 1 + f i  cos w, 

b2 = 1 + f i  cos (w + 2 ~ / 3 ) ,  i b, = 1 + f icos  (w - 2?r/3), (52) 
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with 

1 2J i  
w = - cos-I - . 

3 3 (53) 
Sk+' 

The corresponding amplification factors E (2) are plotted on 
Figure 7 for positive values of Z. After some trials, the root b, 
was chosen, as providing the best numerical results. 

Turning back our attention to the global scheme (Eq. 44), the 
amplification factor will be the selected function if 

822 = 833 = 2844 - 26, 

843 + 842 + 832 == 2 - 6b, 

8,,8,, = 4b(1 - 66 + 66'). (54) 

A peculiar solution of the last two equations is: 

e,, = 1 - 3b - (1 - lob + 33b2 - 24b3)1/2, 

O,, - 1 - 3b + (1 - 10b + 33b2 - 24b3)'/*, 
e42 = 0. ( 5 5 )  1 

Time step control may be achieved by means of the following 
method: a second solution is computed using reduced time sub- 
steps; the error is evaluated by comparing both results and tak- 
ing into account the order of the scheme. 

Simulation of the fountain flow 
Time integration of the energy equation is performed on the 

initial mesh of any time interval [t,, t,+J and must, therefore, be 
followed by a suitable extrapolation of the temperature field on 
the new mesh (provided after front motion by the remeshing 
algorithm). The front thermal condition (Q. 21) arising from 
the fountain effect is here taken into account and will have an 
influence only in the region located between two successive 
fronts. 

Let R, be the mesh at time t,, R,+I be the mesh at time f,+,, 
and S: and S"," be the corresponding flow domains on the mid- 
surface, Figure 8. Let ?,+' (r, f), with 

be the temperature field as obtained after time integration on 
the mesh R.. We wish now to evaluate P + ' ( r ,  f), with 

on the new mesh R,+ I .  

expression 
To this end, a least square approximation is performed. The 

F(T"+', * + I )  = f [T"+'(r, f) - f"+ ' ( r , f ) I2do ,  ( 5 8 )  
Ski' 

is minimized on the wall (f - 1) and for any collocation point 
(f = fm). Equivalently, we must solve the linear systems 

1966 December 1988 

Figure8. Extrapolation of the temperature field in the 
region located between two successive fronts. 
___ , old mesh; -, new mesh 

As fn+' (r, f) is defined on S:, the righthand side of the latter 
equation must be evaluated by extrapolation when 

Let rp be any projection of r on the initial front F, of the time 
interval, Figure 8. The approximation is 

? '+ l ( r ,  f) = ?"+l(rp, f )  + V f " + ' ( r p ,  f )  (r - rp), (61) 

where the temperature gradient V f n + l  and the front normal 
( r  - rp)/llr - rpll are both smoothed in a first step by the Galer- 
kin technique to obtain continuous fields defined on F,,. 

The front condition (Eq. 21) is taken into account at this 
stage: classical Cholesky LLT factorization is performed for solv- 
ing Eq. 59 in such a way that all temperature nodal values 7';;" 
and T;:' are expressed as functions of the nodal values on the 
new front F,,,. The latter are then computed using Eq. 59 and 
are corrected following Eq. 21. The remainder of the back-sub- 
stitution follows and provides all the temperature nodal values. 

140 1 Pa. s I 

6o I \ I  

400 450 500 f, 550 K 60 

1 .  Exponential law 
2. Modified law (n' - 20, T, - 520 K). 

Figure 9. Viscosity as a function of temperature. 
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General scheme of the program 
Recalling that a complete filling is simulated in a sequence of 

time steps, the available results at time t ,  are the flow domain 
S:, the corresponding temporary mesh R,, the pressure and 
temperature nodal values p:, TL and Tfw, the fronts F,, and the 
front average velocities q. 

The solution at time fn+' will be obtained after the following 
computations: 

Time integration of the temperature field (--+*,I and 

0 Displacement of the fronts (--+Fn+, and ,!Ti+') 
Remeshing (-+Rn+,) 

0 Extrapolation and correction of the temperature field 

0 Integration of the pressure field (--+p:+') 
0 Calculation of the front velocities (--4:+') 

p+ I 
IW 

(-'T;h+' and +T:.')  

Results and Discussion 
Simulations without front motion 

A theoretical example is here considered to illustrate some 
capabilities of the numerical scheme. A schematic view of the 
problem is shown in Figure 2. A hot molten polymer is injected 
through a circular gate and passes between two cold semispheri- 
cal walls. However, we do not simulate the front motion and all 
the injected fluid continuously exits from the mold at a given 
pressure through the circular outlet E. Nevertheless, the studied 
phenomenon remains transient, since the initial and steady-state 
temperature fields are different. 

For details on the geometry, the mesh, and the data, see Van- 
derschuren and Dupret (1 986) and Supplementary Material, as 
well as for results concerning isothermal flow or nonisothermal 
flow with the viscosity law (Eq. 2). We here investigate the 
influence of a modification of this latter to take into account 
partial solidification on the walls during filling. 

The modified law is defined by: 

and was introduced as the first approach of the solidification 
phenomenon. Observe that when the index n' approaches infini- 
ty, the material function m ( T )  decreases suddenly by a value m ,  
when the melting temperature T, is crossed. Choosing suffi- 
ciently high values for n' and m, ,  therefore, induces an impor- 
tant increase of the viscosity under T,. The graph of the mate- 
rial function m ( T )  is shown in Figure 9 for both laws, Eqs. 2 and 
62. 

Streamlines, average isotherms, temperature profiles, and ve- 
locity profiles are presented in Figures 10 and 11 for the steady- 
state final solution. As a consequence of the nonsymmetric posi- 
tion of the inlet gate, material points emerging in the vicinity of 
C in Figure 10 have a higher residence time in the mold than 
points emerging in the vicinity of B (their path is longer and 
their velocity smaller). The resulting temperature decrease in 
the region of C, therefore, induces a viscosity increase which 
tends to slow down the fluid motion. Pathlines are in that man- 
ner strongly deffected. Nevertheless, complete solidification is 
nowhere observed. Further simulations will deal with investiga- 
tions on the latter phenomenon. 

Let us note that Figure 11 exhibits the good behavior of the 
Chebyshev collocation method when considering solidification 
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Figure 10. Modified viscosity law. 
Streamlines by steps of 0.5 cm'/s; average isotherms from 577 K 
downwards by steps of - 20 K. 

on the walls: the velocity gradient is indeed rapidly changing 
from the solidified layer to the liquid zone, while no oscillations 
are observed on the figure. 

One-dimensional simulations 
In view of a clear understanding of the major consequences of 

the fountain effect, we first consider one-dimensional flows in a 
120 mm x 50 mm rectangular mold with a 2-mm gap between 
two 10-mm steel walls (5 = 46 W - m-I - K-I, p,c, = 3.6 lo6 J - 
m-) - K-I). Injected polymers are either a polyamide or a poly- 
carbonate, and material constants are in Table 1, which was pre- 
pared using the viscosity law (Eq. 2). Gate temperature is con- 
stant and set to 26OOC. External temperature is set to 100°C or 
1 10°C, respectively. The fixed mesh (corresponding to the entire 
midsurface of the mold) is formed of 30 equal rectangular ele- 
ments. A set of ten collocation points is used in the gapwise 
direction. Complete injection was performed in 100 equal time 
steps, through a rectilinear gate formed by one of the short sides 
of the mold. The initial front was located 6 mm from this gate. 

650 

K 

600 

550 

Tm 

500 

450  

400 

Figure 11. Modified viscosity law. 
Temperature and velocity profiles at points A, Band C, as located 
in Figure 10 (10 collocation points). 
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A first set of simulations will show off the fountain flow ther- 
mal influence by means of a comparison between two ways of 
building the front thermal model: 

1. The problem is properly handled using the conservative 
method which has been previously described. 

2. The fountain effect is ignored and the related correction of 
the temperature at the front as well; it is well known that this 
yields a non-conservative model. 
In order to simplify discussion, viscous heating is dropped in 
both cases in the energy equation. Injection is performed at a 
flow rate of 25 cm'/s and the chosen polymer is the polyamide. 

As shown in Figure 12, each curve corresponds to a definite 
moment of the process and represents the spatial average value 
of the temperature within the thickness, as a function of the dis- 
tance to the gate. 

Main observation is the deep influence of the fountain flow on 
the temperatures. As a matter of fact, the average front temper- 
ature is strongly time decreasing when the nonconservative 
model is used; moreover, at any time, the lowest mean tempera- 
ture is obtained on the front. These results are the consequences 
of the heat losses which occur on the front in this case. 

On the contrary, the conservative model provides an average 
front temperature which is only very slightly decreasing with 
time and the lowest mean temperature is reached upstream of 
the front for any time. These effects are due to the front feeding 
with hot fluid issued from internal layers: observe indeed that 
midsurface and injection temperatures are everywhere close 
together, even in the case of a decreasing mean temperature 
upstream of the front, because fluid velocity is at its highest on 
the midsurface. 

The second set of one-dimensional simulations was intended 
for illustrating realistic flow conditions. Viscous heating was, 
therefore, kept in the energy equation. A comparison is made 
here between polyamide and polycarbonate injection; flow rates 
are 100 cm'/s, 50 cm3/s, and 25 cm'/s in the former case, and 
50 cm'/s and 25 cm'/s in the latter case, respectively. 

Evolution of the average temperatures for polyamide injec- 
tion is presented in Figure 13, where viscous heating appears to 
play a major role in the thermal balance. Consider first the larg- 
est flow rate, Figure 13a: average temperatures are everywhere 

5354 
K 

530 

5251 
0 2 4  6 6 10 12 

535+ I 

dlstanca along the mold (cm) 
525 

0 2 4  6 6 10 12 

a. Simulation without fountain effect. 
b. Simulation with fountain effect. 

Figure 12. Onadimensional problem: evolution of the 
gap average tempeature during filling (no vis- 
cous heating). 
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53s 
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p: distance along the rnold(cm) I 525 
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a. Flow rate of 100 cm'/s (filling in 0.1 14 s). 
b. Flow rate of 50 cm3/s (filling in 0.228 s). 
c. Flow rate of 25 cm'/s (filling in 0.456 s). 

Figure 13. One-dimensional problem: gap average tem- 
perature for the injection of a polyamide. 

and at any time higher than the injection temperature; further- 
more, the highest mean temperature is always obtained up- 
stream of the front. These results are consequences of both vis- 
cous heating and fountain effect. Let indeed P be a fixed point 
on the midsurface and P'P be the corresponding transverse in 
the gap. The average temperature of the fluid passing through 
P'P is measured on a vertical in Figure 13. Due to the front 
feeding by fluid issued from internal layers, where viscous heat- 
ing is low, the starting average temperature on P'P" is close to 
the injection temperature. Next, slower fluid layers near to the 
walls arrive at P'P". These layers are warmed by viscous heat- 
ing, which perfectly agrees with the subsequent increase of aver- 
age temperature on P'P. 

On the other hand, thermal evolution at the lowest flow rate, 
Figure 13c, is close to the situation without viscous heating, Fig- 
ure 12. As a matter of fact, shear rate is then reduced, and heat 
production is, therefore, negligible with respect to heat diffusion 
in the energy equation. 

Evolution at  the intermediate flow rate is more complex, Fig- 
ure 13b. Turning back our attention to the fixed gap transverse 
P'P, we there observe first an increase and afterwards a 
decrease of mean temperature. Hence, viscous heating influence 
appears prior to the cooling effect arising from the walls; while 
the latter effect is indeed delayed by the time required for diffu- 
sion from the walls to more internal (and faster) layers, viscous 
heating effect is instantaneous. 

Evolution of the average temperatures during filling for poly- 
carbonate injection is presented in Figure 14. We also analyze 
an additional simulation (performed at  a flow rate of 50 cm'/s) 
where viscous heating was dropped for comparison purposes. As 
a conclusion, the preceding effects are still observed, but are 
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a. Flow rate of 50 cm’/s (filling in 0.228 s). 
b. Flow rate of 25 cm’/s (filling in 0.456 s). 
c.  Flow rate of 50 cm’/s; simulation without viscous heating. 

Figure 14. One-dimensional problem: gap average tem- 
perature for the injection of a polycarbonate. 

more emphasized, since viscous heating is more important for 
polycarbonate than for polyamide. 

Figure 15 exhibits temperature profiles a t  the end of the fill- 
ing, in the case of polycarbonate injection. Figure 15b corre- 
sponds to profiles on a transverse equidistant from the front and 
the gate. A temperature overshoot (due to viscous heating) is 
observed in the vicinity of the walls. Note here the interest of 
using a Chebyshev grid, since collocation points are in this man- 
ner piled up where the temperature gradient is high. 

The front temperature profiles are shown in Figure 15a. 
These results indicate that viscous heating does not penetrate to 
the midsurface, but reaches deep fluid layers which move faster 
than the front (and therefore continuously feed it). The rise of 
front average temperature observed in Figures 14a and 14b is a 
consequence of this effect, which also induces nonconstant front 
temperature profiles, Figure 15a. 

Gate pressure is represented as a function of time in Figure 
16, in the case of polycarbonate injection. At the lowest flow 
rate, the curve is almost linear, which means that viscosity 
dependence on temperature is then negligible, Table 1. The 
curve is nonlinear a t  the largest flow rate. Moreover, when the 
flow rate grows from 25 to 50 cm’/s, the final gate pressure 
increases only by about 30%. The latter increase would be of 
100% in Newtonian isothermal flow and of 59.1% in isothermal 
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( n o  viscous heating) 

560- 

550.. 
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520- b 

5 mm) 510 
0 0.2 0.4 0.6 0.8 

Figure 15. One-dimensional problem: injection of a poly- 
carbonate. 
Final temperature profiles on the front (a) and at middistance 
from the front and the gate (b). 

flow with a power index of 0.67 (recall the viscosity dependence 
on shear rate and temperature in formulas 1 and 2 ) .  We con- 
clude that, for polycarbonate injection, a low-pressure increase 
is required for doubling the flow rate, because viscosity is 
reduced by both shear thinning and viscous heating. Results cor- 

50 c d / s  
(no viscous heating) 

bar 

1400.. 

1200- 

0 0.1 0.2 0.3 0.4 0. 
+ 
0 0.1 0.2 

Figure 16. One-dimensional problem: injection of a poly- 
carbonate. Evolution of the gate pressure. 
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Table 1. Polyamide and Polycarbonate Material Properties 

530.. 

Symbol Polyamide Polycarbonate 

n 0.75 0.61 
a (K-') 0.861 x lo-* 0.226 x lo-' 

k ( W  . m - '  . K-')  0.26 0.215 
pc(J . m-3 - K-') 

m, (Pa + s") 6.23 lo4 1.44 x lo9 

3.04 x lo6 2.64 x lo6 

distance along AB lcm) 
responding to Figures 15 and 16 for polyamide injection may be. 
found in Supplementary Material. 

We can predict a strong influence of all the previously 
described effects on the solidification phenomenon. On the one 
hand, a high viscous heating will certainly reduce the solidified 
layer, especially because heating is important near the walls. On 
the other hand, a low viscous heating will induce low average 
temperatures between the gate and the front, where the solidi- 
fied layer will, therefore, be important (recall that midsurface 
temperature is close to the gate temperature, whence tempera- 
ture near the walls must be lowered). 

Two-dimensional simulation 
By solving a two-dimensional problem, the complete algo- 

rithm can be checked under normal conditions. Injection of 
polyamide is performed in a rectangular mold (dimensioned as 
in the one-dimensional simulations) through a semicircular gate 
a t  a flow rate of 100 cm3/s. The complete simulation has 
required about 90 minutes CPU time on a Data General MV/ 
10000 computer. The fixed mesh, the final temporary mesh 
(corresponding to y3 of the filling), and the progression of the 
flow front are shown in Figure 17. Note that, due to the symme- 
try of the mold, only one half of the geometry has been consid- 
ered. The problem is two-dimensional owing to the shape of the 
gate, but the motion clearly becomes one-dimensional a t  the end 
of the filling. 

Evolution of the gap average temperature on the plane of 
symmetry (intersecting the midsurface along AB on Figure 17) 
is presented in Figure 18. The latter is globally very close to the 
one-dimensional result of Figure 13a. The only difference lies in 
a steeper increase of mean temperature in the vicinity of the 
gate, where viscous heating is increased by higher velocities. 

C 

b 

6 plane of 
--.__ A .- 

symmetry 

a. Fixed mesh. 
b. Temporary mesh at the end of the simulation. 
c. Progression of the flow front. 

Figure 17. Two-dimensional injection of a polyamide. 

5451 

5 4 0  " I  

Figure 18. Two-dimensional injection of a polyamide. 
Evolution of the gap average temperature on the plane of symme- 
try. 

Gate pressure history is represented in Figure 19. In the 
beginning of the filling, the flow is purely radial, whence pres- 
sure rapidly increases until the corners C and C' are attained by 
the front. After reorganization of the sfreamlines, pressure 
increase is slowed down and remains linear afterwards. 

Final average isotherms are represented in Figure 20. The 
maximum is obtained at  the center of the mold, while low values 
are observed near the front, the gate and the corners C and C'. 
These effects are consequences of fountain flow and viscous 
heating (as previously explained), and also of the fact that Cand 
C' are stagnation points, for which fluid slowing down and cool- 
ing are important in their vicinity. Observe also that the shortest 
and fastest path from the gate to the front is the straight seg- 
ment AB, whence viscous heating is more important in the cen- 
trum of the mold. 

Conclusions 
A hybrid numerical method for predicting three-dimensional 

thermal effects occurring during the filling of a thin cavity has 
been developed. The choice of a high-order polynomial represen- 
tation of the temperature field in the gapwise direction, com- 
bined with a finite element discretization in the midsurface 
direction, appears to be relevant in view of the obtained temper- 
ature profiles. The deep influence of fountain flow on the 
obtained temperature field, as calculated at  the end of the fill- 
ing, has been shown. Further investigations will deal with simu- 
lation of partial or complete solidification during the latter stage 
of the process. 

bar 

0 10 2 0  30 40 5 0  60 70  80 S 

Figure 19. Gate pressure history. 
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Figure 20. Average isotherms at the end of the simula- 

tion. 
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Notation 
A = matrix defined in Eq. 31 
a = material constant defined in Eq. 2 

a‘, a”, a”’ = defined in Eq. 48 
B = matrix defined in Eq. 45 
b = defined in Eq. 48 
c = polymer specific heat 

c, = wall specific heat 
E ( i )  = amplification factor 

e = wall thickness 
Fn = front at time step t, 

f(jj) = defined in Eq. 42 

(gE, g,, gr) = unit base vectors 
h = half of the cavity thickness 
h, = nodal values of h 
K = matrix defined in Eq. 40 
k = polymer thermal conductivity 
k, = wall thermal conductivity 

L = characteristic dimension of the midsurface 
M = mass matrix defined in Eq. 40 
m = number of collocation points 

m( T )  = material function defined in Eq. 2 
m, = material constant defined in Eq. 2 
m, = material constant defined in Eq. 62 

G ( [ p ] ,  [ T I )  = stiffnessmatrixdefined in Eq. 41 

k , ,  k,, k,, k, = defined in Eq. 44 

n = power-law index 
n = midsurface constrained outer normal on 8s: 
n’ = material constant defined in Eq. 62 
p = pressure 
p ,  = pressure nodal values 

p:  = pressure nodal values at time I ,  em({) = Lagrange interpolation polynomials 
q, = outgoing external heat flux 
q, = outgoing wall heat flux 

R, = mesh at time step t ,  

[ p ]  = vector of pressure nodal unknowns ( p , )  

q ( [ T ] , [ p ] )  = defined in Eq. 40 

r = position vector on the midsurface 
rp = projection of r on the previous front 
S = defined in Eq. 13 

S ,  = midsurface 
SL = flow domain at  time step f, 
S: = filled part of the midsurface 

T = temperature 
Te = external temperature K, = melting temperature 

T,  = polymer temperature on the wall 
TZm({)  = 2m-degree Chebyshev polynomial 

T, (f, t )  = polynomial temperature profile in the gap at time t 
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T,,(t) = temperature at  node i, time t and collocation 

T,,(t) = wall temperature at node i and time t 
a 

[ c] = vector of all temperature unknowns (T,,  and I 
T“(r ,  f ) , f l ( r ,  {)-= temperature field at time step t ,  
T‘. T:,, T k  T:, 

= temperature nodal values at time step t ,  
t = time 

D/Dt  = material derivative 
v = velocity vector 

(uC, uT, ur) = Cartesian components of u 
vm = midsurface components of D 

0 = gap average value of D 

$ = front nodal velocities at time step I ,  
(x, y, z )  = general Cartesian coordinates 

j = vector of all the time-dependent unknowns 
j .  = unknowns at time step t, 
i = complex independent variable 

point 

-iw ) 

Greek letters 
+ = shear rate 

6 = order of magnitude of the mold thickness 
c = dimensionless number, defined in Eq. 18 

= Cartesian coordinate in the gap direction < = normalized coordinate in the gap direction 
{, = collocation point of index a 
B,, = defined in Eq. 44 
A,  = eigenvalues of B as defined in Eq. 45 
fi  = shear viscosity 

At = time interval ( tn+,  - t,) 

(5, q) = first and second Cartesian coordinates in the mid- 

ti, 6) = local coordinates on the parent element 
surface direction 

p = melt density 
p, = wall density 
6, = linear or bilinear shape functions 
$, = quadratic or biquadratic shape functions 
w = defined in Eq. 53 
V = gradient operator 

V, = midsurface constrained gradient operator 
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